Introduction
The process of heat treating is the method by which metals are heated and cooled in a series of specific operations that never allow the metal to reach the molten state. The purpose of heat treating is to make a metal more useful by changing or restoring its mechanical properties. Through heat treating, we can make a metal harder, stronger, and more resistant to impact. Heat treating can also make a metal softer and more ductile. The one disadvantage is that no heat-treating procedure can produce all of these characteristics in one operation. Some properties are improved at the expense of others; for example, hardening a metal may make it brittle. So we are interested to study the effect of the heat treating process with new cooling medium (nanofluid) on the mechanical properties.
Sakiadis [1] introduced the boundary layer flow induced by a moving plate in a quiescent ambient fluid. Tsou et al. [2] studied the flow and temperature fields in the boundary layer on a continuous moving surface, both analytically and experimentally and verified the results obtained in [1] . Crane [3] extended this concept to a stretching plate in a quiescent flu--------------- id with a stretching velocity that varies with the distance from a fixed point and presented an exact analytic solution. The case of stretching plate developed to stretching cylinder by Ishak and Nazar [4] and extended by Bachok and Ishak. [5] to study the mixed convection boundary layer flow over a vertical cylinder with a prescribed surface heat flux. The effect of heat transfer in a conical cylinder with a porous medium was studied by Ahmed et al. [6] . It is well known that Choi [7] was the first to introduce the term of "nanofluid" that represents the fluid in which nano-scale particles are suspended in the base fluid with low thermal conductivity such as water, ethylene glycol, oils, etc. [8] . In the recent years, the concept of nanofluid has been proposed as a route for surpassing the performance of heat transfer rate in liquids currently available. An excellent collection of articles on this topic can be founded in [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] , and in the book by Das et al. [23] .
Formulation of the problem
Consider an unsteady, laminar, and incompressible nanofluid on a continuous moving cylinder. The fluid is a water based nanofluid containing three types of nanoparticles, either copper (Cu), or silver (Ag), or aluminum oxide (Al 2 O 3 ). The nanoparticles are assumed to have a uniform shape and size. Moreover, it is assumed that both the fluid phase and nanoparticles are in thermal equilibrium state. As shown in fig. (1) the x-axis runs along the cylinder, and the r-axis is perpendicular to it. The conservation equations for the unsteady boundary layer are:
Subjected to the boundary conditions:
where u and v are velocity components in the x-and r-directions, respectively, R a is the radius of the cylinder, t -the time, υ nf -the nanofluid kinematic viscosity, ρ nf -the density of the nanofluid, T -the temperature of the nanofluid, α nf -the thermal diffusion of the nanofluid, C p -the specific heat of the nanofluid, Q -the heat source, and q r -the radiative heat flux. The fluid is considered to be gray, absorbing-emitting radiation but non-scattering medium and the Roseland approximation is used to describe the radiative heat flux in the energy, eq. (3). By using Rosseland approximation for radiative heat flux is simplified as: 
where σ S and α * are the Stefan-Boltzman constant and the mean absorption coefficient, respectively. Assuming that the temperature differences within the flow are such that the term T 4 may be expressed as a linear function of temperature. Hence, expanding T 4 in a Taylor series about T ∞ and neglecting higher order terms we get:
Using eqs. (5) and (6) in the energy eq. (3), we get:
It is assumed that the velocity of the surface U w and the surface temperature T w are of the form:
where a, b, and γ are constants. The properties of nanofluid are defined [16] : where φ is the nanoparticle volume fraction; it is worth mentioning that the study reduces to those of a viscous or regular fluid when φ = 0. We now introduce the following dimensionless functions f and θ and the similarity variable η:
where υ f is the kinamatic viscosity of the base (water), and ψ -the stream function, which defined as u = ∂ψ/r∂r and v = -∂ψ/r∂x which satisfies eq. (1). Substituting (9) into eqs. (2) and (7) we obtain: The boundary condition (4) becomes:
where 
Numerical solution
We first convert the eqs. (10) and (11) to a system of differential equations of first order, by using 
Subjected to the initial conditions:
where m and n are unknown to be determined as a part of the numerical solution.
Using Mathematica, a function (F) has been defined such that F [m_, n_]:=NDSolve [system of eqs. (10), (11)], The values of m and n are determined upon solving the equations, S 2 (η max ) = 0, and S 4 (η max ) = 0 to get the solution, NDSolve first searches for initial conditions that satisfy the equations, using a combination of solve and a procedure much like Find Root. Once m and n are determined the system of eqs. (10) and (11) is closed, it can be solved numerically using the NDSolve function.
To validate the numerical method used in this study the results for -θ'(0) and -1/θ'(0) are compared with the numerical solution which reported in Ishak and Nazar [4] , and Bachok and Ishak [5] , respectively. From the engineering point of view, the most important characteristics of the flow are the skin friction coefficient, and Nusselt number which are indicate physically to surface shear stress, and rate of heat transfer, respectively. This characteristics affect directly on the mechanical properties of the surface during heat treatment process, such that increasing the rate of heat transfer (heat flux) from the surface accelerates the cooling of the surface which improve the hardness and shear strength of the surface but on the other hand decrease the ductility of the surface and increase surface cracking.
Surface shear stress ( )
Since the skin friction coefficient is given by:
Since the Nusselt number is given by:
In the study authors present a mathematical model of a moving continuous cylinder embedded into a nanofluid. The influence of unsteadiness parameter A, thermal radiation R, heat source δ, suction/injection f w , nanoparticles type, and nanoparticle volume fraction φ on the velocity and temperature within the boundary layer are shown in figs. (2)- (9) . Three different types of nanoparticles are considered, Cu, Ag, and Al 2 O 3 with water as the base fluid. Table 3 shows the thermo physical properties of water and the elements Cu, Ag, and Al 2 O 3 . The Prandtl number of the base fluid (water) is kept constant at 6.2. The effects of unsteadiness parameter A on the velocity and temperature within the boundary layer of (Cu-nanofluid) are shown in figs. 2 and 3, respectively. It is observed that the increases in this parameter decrease both the velocity and temperature within the boundary layer; also it is observed that the boundary layer thickness decreases with increase of A. The effects of nanoparticles concentration (volume fraction) φ on the velocity and temperature within the boundary layer of Cu-nanofluid are shown in figs. 6 and 7. It is observed that increase the nanoparticle volume fraction decrease the velocity but increase the temperature within the boundary layer. The effects of curvature parameter ρ on the velocity and temperature within the boundary layer of (Cu-nanofluid) are shown in figs. 8 and 9, respectively. It is observed from fig. 8 that the effect of this parameter on the velocity appears far the surface, such that the increases of ρ increase the velocity within the boundary layer, also one can observe that the terminal velocity of the boundary layer increases with increase of curvature parameter. On the other hand it is worth mentioning that the study reduces to flat surface when ρ → 0 which means that the velocity within the boundary layer in the case of cylinder is large than that in the case of flat surface, also means that the increasing in the cylinder diameter leads to decrease in the velocity within the boundary layer. Figure 9 shows that the temperature within the boundary layer increases with increase the curvature parameter, also one can observe that the temperature within the boundary layer in the case of cylinder is large than that in the case of flat surface. Tables 4-7 show the values of velocity gradient and temperature gradient at the surface and the corresponding values of skin friction and Nusselt number for different values of embedded parameters at Re = 5 · 10 5 . The effects of nanoparticles type, nanoparticle concentration, steady and unsteady motion, suction and injection, thermal radiation and heat generation on the surface shear stress, surface heat flux, and the mechanical properties (hardness, stiffness, strength, surface cracking, etc.) are discussed below.
Nanoparticles types
It is clear from tab. 4 that the values of velocity gradient at the surface increased gradually by changing the nanoparticle from Al 2 O 3 to Cu to Ag. The same effect occurs on temperature gradient, but in the case of suction only such that the injection process increase the temperature gradient for Cu to be large than that in Al 2 O 3 . On the other hand the skin friction and surface shear stress are higher in the case of Ag-nanofluid than that in Cu and Al 2 O 3 -nanofluid, also the Nusselt number and rate of heat transfer from the surface are higher in the case of Cu-nanofluid than that in Al 2 O 3 and Ag-nanofluid in the case of suction and Al 2 O 3 -nanofluid than that in Cu-nanofluid, which means that using Cu-nanofluid as a cooling medium is more useful for the surface hardness and strength for the case of suction and Al 2 O 3 -nanofluid for the case of injection. Table 4 shows that the values of velocity gradient at the surface increases gradually by increase the particle volume fraction from 10% to 20% in the case of Cu and Ag-nanoparticle and decrease for Al 2 O 3 nanoparticle, But the temperature gradient decreases by increase of it for all types of nanoparticles. On the other hand the skin friction and rate of heat transfer both increase with increase of the concentration of nanoparticle within the base fluid. So one can say that the nanofluid with 20% nanoparticle is more affect on the mechanical properties than that with 10% nanoparticle. In general using a nanofluid in the cooling process is more active to improve the mechanical properties of the surface, such that using nanofluid increase the rate of heat transfer by 10-40% more than in the case of pure water that leads to accelerate the cooling of the surface which increases the surface hardness and strength. Table 4 shows that the values of velocity gradient and skin friction at the surface increases gradually by increase the curvature parameter, But the behavior of the temperature gradient and Nusselt number both depend on the other parameters behind the curvature parameter such that in the presence of injection the temperature gradient and Nusselt number both decrease with increase of curvature parameter and the opposite effect appears in the presence of suction. It is worth mentioning that the increase of ρ from zero to one indicates to transform the shape of the surface from flat surface to cylinder.
Concentration of nanoparticles within the base fluid

Shape of the moving surface
Steady and unsteady motion
It is clear from tab. 5 that the unsteady motion of the surface has a direct effect on the mechanical properties such that increase the unsteadiness parameter increase the velocity gradient, skin friction, and surface shear stress also increase the temperature gradient, Nusselt number, and rate of heat transfer. It is worth mentioning that increasing the unsteadiness pa-
Cu-water nanofluid Ag-water nanofluid Al 2 O 3 -water nanofluid rameter from 1 to 3 increases Nusselt number and rate of heat transfer from the surface by 30~34% in the case of cylinder and by 20~22% for the case of flat surface. Table 5 . Values of velocity gradient and temperature gradient at the surface at f w = 1, R = 1, δ = 0.5, and Pr = 6.2
Suction and injection process
One can say that the suction/injection process play an important role in the cooling process, such that in the case of suction the velocity gradient, skin friction, surface shear stress, temperature gradient, Nusselt number, and rate of heat transfer all are higher than that in the case of injection. As we know from previous increase the rate of heat transfer from the surface improve the mechanical properties of surface.
Thermal radiation and heat generation
One can observe from tabs. 6 and 7 that increasing the thermal radiation and heat source both decrease the values of Nusselt number and rate of heat transfer that means the hardness and the strength of the surface will be decrease in the presence of both forces. Table 6 . Values of temperature gradient at the surface at f w = 1, φ = 10% , δ = 0.5, and Pr = 6.2
Conclusions
The study presents a mathematical model of a continuous moving cylinder embedded into a nanofluid, the study based on three types of nanoparticle which are the most used types (Cu, Ag, and Al 2 O 3 ). The mechanical properties and heat transfer characteristics of the surface were our goal in this study and the following results are obtained. Table 7 . Values of temperature gradient at the surface at f w = 1, φ = 10%, R = 1, and Pr = 6.2
• The velocity within the boundary layer increases with increase of curvature parameter and decrease of unsteadiness, suction/injection parameters.
• The temperature within the boundary layer increases with increase of curvature parameter, thermal radiation, and heat source parameters and decrease of unsteadiness, suction/injection parameters. • In general, the velocity and temperature within the boundary layer over cylinder are larger than that in the case of flat surface.
• Using nanofluid as a cooling medium is useful to improve the mechanical properties (hardness and strength ) by 10-40% according to the type and concentration of nanoparticles used.
• We studied three types only of nanoparticles, according to this study the best type used to improve the mechanical properties of the surface (increase the heat flux) is Cu-nanofluid and the best type used to decrease the surface shear stress is Al 2 O 3 -nanofluid.
• Transform the motion from steady to unsteady leads to increase of skin friction and rate of heat transfer which leads to improve the mechanical properties of the surface by increasing of heat flux.
• Cooling with suction is more useful to increase the heat flux than that with injection. 
